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Roger Penrose fotad i Berkeley 1978.
(Foto George M. Bergman, CC BY-SA 4.0,

Wikimedia Commons)

Få har bidragit som Roger  
Penrose till vår förståelse av  
rum och tid och till relativitets-
teorin. Ingemar Bengtsson ger 
oss ett porträtt av Penrose och 
berättar om dennes insatser.  
På köpet får vi lära oss om rum-
tid och andra grundläggande 
begrepp och vi får de placerade  
i ett relevant sammanhang.

Ingemar Bengtsson 
är professor i fysik vid Stockholms 
universitet sedan år 2000. Han har 
bland annat arbetat med fångade 
ytor och (lite grand) med Penroses 
twistorteori. Penrose har inspirerat 
honom till att studera kvantmekani-
ken med geometriska metoder. 
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UJUFM

%FU GSBNHJDL GSÇO CÕSKBO
 OÅS 3PHFS 1FOSPTF CÕSKBEF QVCMJDFSB�
EF WFUFOTLBQMJHB BSUJLMBS
 BUU GÕSGBUUBSFO IBEF GÕS BWTJLU BUU IB SP�
MJHU� &O BW TJOB GÕSTUB TLSFW IBO ���� UJMMTBNNBOT NFE TJO GBS
 EFO
NÇOHTJEJHF QTZLJBUFSO -JPOFM 1FOSPTF� *OTQJSBUJPOFO LPN GSÇO FO
VUTUÅMMOJOH BW .BVSJU[ &TDIFS QÇ WBO (PHI�NVTÊFU J "NTUFSEBN

PDI MFEEF UJMM OÇHSB OZB FYFNQFM QÇ uPNÕKMJHB GÕSFNÇMu� &UU BW EFN
LPN BUU BOWÅOEBT BW &TDIFS TKÅMW TÇ TNÇOJOHPN
 OÅNMJHFO EFO
PNÕKMJHB USBQQBO � FO UWÇ�EJNFOTJPOFMM UFDLOJOH BW FO USBQQB QÇ
WJMLFO NBO LBO LPNNB UJMMCBLB UJMM VUHÇOHTQVOLUFO USPUT BUU NBO
IFMB UJEFO HÇS VQQÇU� .ÇOHB ÇS TFOBSF TLVMMF 3PHFST LPOUPS J 0Y�
GPSE QSZEBT BW FO USFEJNFOTJPOFMM TLVMQUVS TPN IBS EFO FHFOTLB�
QFO BUU EFO PNÕKMJHU LBO FSIÇMMBT TPN QSPKFLUJPO BW FUU GZSEJNFO�
TJPOFMMU PCKFLU�

'JHVS �� %FO PNÕKMJHB USBQQBO� &O WBSJBOU BW êHVSFO QVCMJDFSBEFT
���� BW -� 1FOSPTF PDI 3� 1FOSPTF 	#Z 4BLVSBNCP
 1VCMJD %PNBJO

IUUQT���DPNNPOT�XJLJNFEJB�PSH�X�JOEFY�QIQ DVSJE�������


�

Hur Roger Penrose 
transformerade
relativitetsteorin

___________________________________________________________ INGEMAR BENGTSSON
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1FOSPTF EPLUPSFSBEF JOPN BMHFCSBJTL HFPNFUSJ J $BNCSJEHF

EÅS IBOT IBOEMFEBSF WBS MÇOHU GSÇO BUU SFQSFTFOUFSB ÅNOFUTNPEFS�
OB TJEB� .FO MFKPOUBTTFO LBO TLZNUBT SFEBO J BWIBOEMJOHFO
 TPN
GPLVTFSBS QÇ OZB CFSÅLOJOHTNFUPEFS� *OUSFTTFU GÕS IVS CFSÅLOJOH�
BS VUGÕST PDI LBO GÕSFOLMBT TLVMMF GÕMKB 1FOSPTF HFOPN ÇSFO�

%FU WBS LPTNPMPHFO %FOOJT 4DJBNB TPN WÅDLUF 3PHFST JO�
USFTTF GÕS BUU VUGPSTLB VOJWFSTVNT IFNMJHIFUFS� %F USÅĒBEFT GÕST�
UB HÇOHFO J $BNCSJEHF
 OÅS 3PHFS WBS QÇ CFTÕL IPT TJO TUPSFCSPS
0MJWFS 	TFOBSF LÅOE GÕS TJOB JOTBUTFS JOPN TUBUJTUJTL GZTJL
� 3PHFST
GÕSTUB BSUJLFM JOPN SFMBUJWJUFUTUFPSJ LPN ����
 PDI CFWJTBEF NFE
FUU FMFHBOU SFTPOFNBOH BUU LPOUVSFO BW FUU LMPU TPN SÕS TJH NFE
OÅSB MKVTFUT IBTUJHIFU LPNNFS BUU TF DJSLFMGPSNBE VU GÕS BMMB PC�
TFSWBUÕSFS� %FUUB ÅS OÇHPU PWÅOUBU GÕS EFO TPN LÅOOFS UJMM -PSFOU[
MÅOHELPOUSBLUJPO�

"Ê¼ ��Æ {²¼�p��
'SÇO TJOB EPLUPSBOETUVEJFS WBS 1FOSPTF CFLBOU NFE LPNQMFYB UBM
PDI LPOGPSNB USBOTGPSNBUJPOFS
 PDI GSÇO GÕSFMÅTOJOHBS BW 1BVM %J�
SBD WBS IBO CFLBOUNFE EF TQJOPSFS TPN%JSBD IBEF JOGÕSU J GZTJLFO
GÕS BUU HF FO SFMBUJWJTUJTL CFTLSJWOJOH BW EFO TQJOOBOEF FMFLUSPOFO�
%FTTB CFHSFQQ WJTBEF TJH WBSB OZDLMBS UJMM QSPCMFNFU NFE IVS LMP�
UFUT LPOUVS UFS TJH GÕS FO PCTFSWBUÕS J SÕSFMTF SFMBUJWU LMPUFU
 NFO
EF LPN PDLTÇ BUU CMJ OÇHSB BW 1FOSPTFT WJLUJHBTUF UFNBO OÅS IBO
CÕSKBEF USBOTGPSNFSB WÇS GÕSTUÇFMTF BW SVNUJEFO� 7J TLBMM EÅSGÕS
GÕMKB 1FOSPTF FUU TUZDLF JO J IBOT BSCFUF PN EFU ëZHBOEF LMPUFU
 UJMM�
SÅDLMJHU MÇOHU GÕS BUU TF IVS OZDLFMCFHSFQQFO LPNNFS JO� %ÅSFѫFS
ÕWFSHÇS WJ UJMM FO NFS ÕWFSTJLUMJH CFTLSJWOJOH BW IVS IBO BOWÅOEF
EFN GÕS BUU SFWPMVUJPOFSB WÇS GÕSTUÇFMTF BW SFMBUJWJUFUTUFPSJO�

'ÕS BUU WJTVBMJTFSB QSPCMFNFU CFIÕWFS WJ FO LBSUB ÕWFS .JO�
LPXTLJT GZS�EJNFOTJPOFMMB SVNUJE� 7J LBO MÅUU SJUB FO TÇEBO NFE
FO UJETBYFM PDI FO SVNTBYFM
 FMMFS NFE FO UJETBYFM PDI UWÇSVNT�
BYMBS� &HFOUMJHFO TLVMMF WJ CFIÕWB USF SVNTBYMBS
 NFO EFU GÇS JOUF
QMBUT J UFDLOJOHFO
 TF 'JHVS �� 7J WÅMKFS TLBMBO QÇ BYMBSOB TÇ BUU FO
TJHOBM TPN SÕS TJH NFE MKVTFUT IBTUJHIFU SFQSFTFOUFSBT BW FO MJOKF
TPN MVUBS J �� HSBEFST WJOLFM NPU UJETBYFMO
 PDI WÅMKFS WÇSU PSJHP
TÇ BUU EFU MJHHFS J EFO QVOLU J UJE PDI SVN EÅS PCTFSWBUÕSFO CFêO�
OFS TJH� "MMU TPN PCTFSWBUÕSFO LBO TF 	HFOPN BUU EFUFLUFSB MKVT

CFêOOFS TJH QÇ FO LPO J SVNUJEFO TPN LBMMBT GÕS EFO CBLÇUSJLUBEF
MKVTLPOFO� &UU QVOLUGPSNBU GÕSFNÇM CJMEBS FO TÇ LBMMBE WÅSMETMJOKF
J SVNUJEFO
 PDI FUU LMPU CJMEBS FUU TMBHT DZMJOEFS NFE UJETSJLUOJOH�

�
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'JHVS �� &O LBSUB ÕWFS FO EFM BW .JOLPXTLJT SVNUJE� &OIFUFSOB IBS WBMUT
TÇ BUU MKVTIBTUJHIFUFO c=1 MKVTTFLVOE�TFLVOE� 7BSKF QVOLU MJHHFS J TQFUTFO
QÇ FO EVCCFMLPO TPN LBMMBT MKVTLPOFO� 0N WJ LVOEF SJUB FO GZSEJNFO�
TJPOFMM CJME TLVMMF WJ TF BUU LPOFOT CBT ÅS FO UWÇ EJNFOTJPOFMM TGÅS TPN WJ
IÅS LBMMBS IJNNFMTTGÅSFO� 'SÇO WBSKF QVOLU MFEFS USF PMJLB TMBHT SJLUOJOHBS

UJETBSUBEF 	"

 MKVTBSUBEF 	#

 PDI SVNTBSUBEF 	$
� %F MKVTBSUBEF SJLUOJOH�
BSOB MJHHFS QÇ MKVTLPOFO� %F UJETBSUBEF MFEFS JO J LPOFO
 PDI EF SVNTBSUBEF
VU VS EFO� 3ÕS NBO TJH J FO MKVTBSUBE SJLUOJOH GÅSEBT NBO NFE MKVTFUT IBT�
UJHIFU� *OHFOUJOH LBO GÅSEBT J FO SVNTBSUBE SJLUOJOH FѫFSTPN JOHFOUJOH LBO
GÅSEBT TOBCCBSF ÅO MKVTFU� 'SÇO FO HJWFO QVOLU LBO NBO CBSB TF EF IÅO�
EFMTFS TPN VUTQFMBS TJH QÇ EFO CBLÇUSJLUBEF MKVTLPOFO�

FO MÅOHT DZMJOEFSBYFMO� &ѫFSTPN WJ JOUF LBO SJUB CJMEFS NFE GZSB
EJNFOTJPOFS CMJS CJMEFO BW IVS FO PCTFSWBUÕS TFS FUU TUJMMBTUÇFOEF
LMPU FO MÅUU LBSJLBUZS
 TPN J 'JHVS ��

0CTFSWBUÕSFO LBO OBUVSMJHUWJT CBSB BWHÕSB SJLUOJOHFO BW EF
JOHÇFOEF MKVTTJHOBMFSOB
 TÇ GÕS IPOPN SFQSFTFOUFSBT EFSBT MÅHFO
BW QVOLUFS QÇ FO TGÅS TPN WJ LBMMBS IJNNFMTTGÅSFO� 'JHVS �
 TPN
ÅS IÅNUBE GSÇO FO HBNNBM BTUSPOPNJCPL
 WJTBS IVS EFOOB TGÅS UFS
TJH GÕS FO PCTFSWBUÕS J QVOLUFO O� 7J CFIÕWFS FO LBSUB ÕWFS IJN�
NFMTTGÅSFO PDLTÇ� 'ÕS EFU ÅOEBNÇMFU TLBMM WJ BOWÅOEB PTT BW FO TUF�
SFPHSBêTL QSPKFLUJPO GSÇO TGÅSFOT TZEQPM
 TF 'JHVS �� ,BSUPS GÕSSZD�
LFS BMMUJE BWTUÇOE
 NFO NBO LBO WJTB BUU WBMFU BW QSPKFLUJPOTQVOLU
HBSBOUFSBS BUU EFOOB LBSUB IBS FO FHFOTLBQ TPN ÅS NZDLFU FѫFS�
TUSÅWBE BW LBSUPHSBGFS
 OÅNMJHFO BUU EFO WJTBS WJOLMBS LPSSFLU� 7J

�
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'JHVS ��0CTFSWBUÕSFO WJE QVOLUFOO UBS FNPU TJHOBMFS MÅOHT TJO CBLÇUSJL�
UBEF MKVTLPO� 0CTFSWBUÕSFOT UJETBYFM HÇS WFSUJLBMU� &UU TUJMMBTUÇFOEF LMPU CMJS
FO DZMJOEFS OÅS EFTT VUTUSÅDLOJOH MÅOHT UJETBYFMO UBTNFE
 PDI EFO TLÅS MKVT�
LPOFO FOMJHU CJMEFO� * WÇS USFEJNFOTJPOFMMB CJME CMJS DZMJOEFSOT CBT FO DJS�
LFM
 PDI EFU TFS VU TPN BUU PCTFSWBUÕSFO TFS LPOUVSFO BW EFTT TLÅSOJOH NFE
MKVTLPOFO TPN UWÇ QVOLUFS� * EFO GZSEJNFOTJPOFMMB SVNUJEFO ÅS DZMJOEFSOT
CBT FO UWÇ EJNFOTJPOFMM TGÅS
 PDI PCTFSWBUÕSFO VQQGBUUBS EFTT TLÅSOJOH NFE
MKVTLPOFO TPN FO DJSLFM QSPKJDFSBE QÇ EFO MJLBMFEFT UWÇ EJNFOTJPOFMMB IJN�
NFMTTGÅSFO�

TÅHFS BUU BWCJMEOJOHFO GSÇO TGÅSFO UJMM LBSUQMBOFU ÅS LPOGPSN�
*OPN NBUFNBUJLFO ÅS EFU WBOMJHU BUU VQQGBUUB EFU UWÇ�EJNFO�

TJPOFMMB QMBOFU
NFE LPPSEJOBUFSx PDI y
 TPN FUU LPNQMFYU UBMQMBO

WJMLFU CFUZEFS BUUNBO J WBSKF QVOLU TBNMBS JIPQx PDI y UJMM FUU FOEB
UBM z=x+ Jy
 EÅS J ÅS LWBESBUSPUFO BW−1� 7BSKF LPNQMFYU UBM IBS
FUU LPNQMFYLPOKVHBU z∗=x−Jy
 PDI WJ TFS BUU�

z∗z = (x− Jy)(x+ Jy) = x2 − J2y2 = x2 + y2 ,

ÅS FUU QPTJUJWU SFFMMU UBM� 1FOSPTF IBEF EFTTB JEÊFS J SZHHNÅSHFO

TÇ IBO WBS BMMUJE CFSFEE BUU JOGÕSB LPNQMFYB UBM ÅWFO J PWÅOUBEF
TBNNBOIBOH�

1FOSPTFT GÕSTUB TUFH WBS OV BUU SFMBUFSB IJNNFMTTGÅSFO UJMM.JO�
LPXTLJSVNNFU
 PDI EFU ÅS IÅS TPN %JSBDT TQJOPSFS WJTBS TJH BO�
WÅOECBSB� 'ÕS BUU IFESB 1FOSPTF TLBMM WJ WJTB OÇHSB BW IBOT GPSN�
MFS� 0CTFSWBUÕSFO CFêOOFS TJH J PSJHP� -KVTLPOFO CFTUÇS EÇ BW BMMB
QVOLUFS (x1, x2, x3, ct) TÇEBOB BUU x2

1+x2
2+x2

3 = c2t2
 EÅS c ÅS
MKVTIBTUJHIFUFO� 7J LBO VQQGBUUB FO TÇEBO QVOLU TPN TQFUTFO BW
FO TQFDJFMM TMBHT GZSLPNQPOFOUJH WFLUPS
 FO MKVTBSUBE WFLUPS� .BO
LBO ÕWFSUZHB TJH PN BUU WBSKF MKVTBSUBE GZSWFLUPS 7 LBO CFTLSJWBT
NFE IKÅMQ BW UWÇ LPNQMFYB UBM z0 PDI z1
 HFOPN BUU QBSBNFUSJTFSB
WFLUPSO TPN

�
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'JHVS �� )JNNFMTTGÅSFO� GSÇO $� 3FOEBIM PDI #� 4ÕEFSCPSH
 "TUSPOPNJ

/PSTUFEU � 4ÕOFS �����

7 =

⎛

⎜⎜⎝

ct
x1

x2

x3

⎞

⎟⎟⎠ = ±

⎛

⎜⎜⎝

z∗0z0 + z∗1z1
z∗0z1 + z∗1z0
Jz∗0z1 − Jz∗1z0
z∗0z0 − z∗1z1

⎞

⎟⎟⎠ .

7FLUPSOT GZSB LPNQPOFOUFS ÅS SFFMMB UBM
 PDI�

(z∗0z1+z∗1z0)
2 + J2(z∗0z1−z∗1z0)

2 + (z∗0z0−z∗1z1)
2

= 4z∗0z1z
∗
1z0 + (z∗0z0−z∗1z1)

2 = (z∗0z0+z∗1z1)
2 .

7JMMLPSFU x2
1+x2

2+x2
3 = c2t2 ÅS BMMUTÇ BVUPNBUJTLU VQQGZMMU� %F

LPNQMFYB UBMFO z0 PDI z1 LBO TBNMBT JIPQ UJMM FO TQJOPS
 EFU WJMM
TÅHB FO OZ TMBHT WFLUPS NFE CBSB UWÇ LPNQPOFOUFS


Ψ =

(
z0
z1

)
.

)ÅS HFS FO SÅLOJOH SFTVMUBUFU BUU FO PNTLBMOJOH BW TQJOPSO NFE
FUU LPNQMFYU UBM HFS FO PNTLBMOJOH BW EFO MKVTBSUBEF WFLUPSO 7
NFE FUU SFFMMU UBM
 PDI BMMUTÇ JOUF LPNNFS BUU QÇWFSLB EFO QVOLU
QÇ IJNNFMTGÅSFO TPN PCTFSWBUÕSFO VQQGBUUBS TPN EFO QVOLU TPN
MKVTFU LPNNFS JGSÇO� 7J LBO
 PN WJ TÇ WJMM
 TLBMB PN TQJOPSO NFE

�
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'JHVS �� 4UFSFPHSBêTL QSPKFLUJPO BW QVOLUFS QÇ FO TGÅS UJMM QVOLUFS J FUU
PÅOEMJHU QMBO� .FE VOEBOUBH BW QSPKFLUJPOTQVOLUFO
 TPN WJ IBS QMBDFSBU
QÇ TZEQPMFO
 TWBSBS WBSKF QVOLU QÇ TGÅSFO NPU FO VOJL QVOLU J EFU PÅOEMJHB
QMBOFU� %FOOB LBSUB GÕSSZDLFS BWTUÇOE NFO UBDL WBSF BUU QSPKFLUJPOTQVOL�
UFO MJHHFS QÇ TGÅSFO LPNNFS EFO BUU WJTB WJOLMBS LPSSFLU� .BO LBO WJTB BUU
DJSLMBS QÇ TGÅSFO QSPKJDFSBT QÇ DJSLMBS J QMBOFU 	FMMFS QÇ SÅUB MJOKFS
 PN DJS�
LFMO HÇS HFOPN TGÅSFOT TZEQPM
�

FO GBLUPS 1/z0 VUBO BUU GÕSÅOESB EFO QVOLU QÇ IJNNFMTTGÅSFO TPN
WFLUPSO QFLBS NPU
 TÇ BUU WJ BSCFUBS NFE TQJOPSFS BW GPSNFO

Ψ0 =
1

z0
Ψ =

(
1
z

)

 EÅS WJ EFêOJFSBS z =

z1
z0

.

%FU LPNQMFYB UBMFU z TWBSBS NPU FO CFTUÅNE MKVTBSUBE SJLUOJOH VU
GSÇO PSJHP
 PDI EÅSNFE PDLTÇ NPU FO CFTUÅNE QVOLU QÇ IJNNFM�
TGÅSFO�.FO EFU HFS PDLTÇ FO CFTUÅNE QVOLU J EFU LPNQMFYB UBMQMB�
OFU� %FU HÇS BUU WJTB BUU EFUUB ÅS KVTU EFO QVOLU z TPN GÕSFLPNNFS
QÇ LBSUCMBEFU J 'JHVS ��

)VS QÇWFSLBT OV CJMEFO BW TGÅSFO BW EFTT SÕSFMTF &OMJHU SF�
MBUJWJUFUTUFPSJO LBO WJ MJLB HÅSOB CFUSBLUB TGÅSFO TPN TUJMMBTUÇFO�
EF
 PDI JTUÅMMFU GSÇHB IVS EFO UFS TJH GÕS PCTFSWBUÕSFS TPN QBTTFSBS
PSJHP NFE PMJLB IBTUJHIFUFS� %FU JOOFCÅS BUU WJ TLBMM HÕSB FO -P�
SFOU[USBOTGPSNBUJPO BW WÇS CJME� 1FOSPTFT JEÊ WBS BUU EFU ÅS NZDLFU
FOLMBSF BUU -PSFOU[USBOTGPSNFSB TQJOPSFSOB ÅO EF MKVTBSUBEF WFL�
UPSFSOB� %FU FOEB WJ CFIÕWFS WFUB ÅS IVS EFU LPNQMFYB UBMFU z ÅOE�
SBT BW -PSFOU[USBOTGPSNBUJPOFSOB� &ѫFS OÇHSB FMFHBOUB NBOÕWSBS
GBOO 1FOSPTF BUU EFUUB QSPCMFN FĒFLUJWU TFUU êOOT MÕTU J FMFNFOUÅ�
SB MÅSPCÕDLFS J LPNQMFY BOBMZT� /ZDLFMPSEFU
 GÕS EFO TPN WJMM MFUB
EÅS
 ÅS .ÕCJVTUSBOTGPSNBUJPOFS
 WJMLB VUHÕS LPOGPSNB USBOTGPSNB�
UJPOFS BW FO TGÅS� &O .ÕCJVTUSBOTGPSNBUJPO UBS DJSLMBS UJMM DJSLMBS

PDI QSPCMFNFU ÅS MÕTU�

�
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&ѫFSTPN EFUUB JOUF ÅS UÅOLU TPN FO MÅSPCPL J FMFNFOUÅS LPN�
QMFY BOBMZT BWCSZUFS WJ EJTLVTTJPOFO IÅS
 NFO NFE PCTFSWBUJPOFO
BUU IFMU OZB NBUFNBUJTLB SFETLBQ OV IBS TBUUT J IÅOEFSOB QÇ EFO
TPN WJMM TUVEFSB &JOTUFJOT SVNUJE
 OÅNMJHFO TQJOPSFS
 LPNQMFYB
UBM
 PDI LPOGPSNB USBOTGPSNBUJPOFS� 0DI 1FOSPTF JOGÕSEF EFTTB
CFHSFQQ OÅTUBO TPN QÇ MFL�

=tª�£����Æ�ª � �ª �pª�äpÆp
&JOTUFJOT FLWBUJPOFS GÕS HSBWJUBUJPOTGÅMUFU BOWÅOEFS FO HFOFSBMJ�
TFSJOH BW WFLUPSCFHSFQQFU TPN LBMMBT UFOTPSFS� ªS ���� BOWÅOEF
1FOSPTF LPNQMFYB UBM GÕS BUU TLSJWB PN &JOTUFJOT FLWBUJPOFS J EFU
TQJOPSTQSÇL TPN IBO KVTU IBEF JOGÕSU
 PDI IBO LVOEF TFEBO MÅUU
PDI FMFHBOU IÅSMFEB FUU TUPSU BOUBM SFTVMUBU PN LSÕLUB SVNUJEFS TPN
EÇ WBS OZB PDI EÇMJHU GÕSTUÇEEB� %FU UPH ZUUFSMJHBSF UWÇ ÇS JOOBO
IBO
 UJMMTBNNBOT NFE EFO GÅSHTUBSLF BNFSJLBOFO &[SB /FXNBO

QSFTFOUFSBEF EFO EFUBMKFSBEF TQJOPSGPSNBMJTN TPN TFEBO EFTT IBS
VUHKPSU FUU BW EF WJLUJHBTUF SFETLBQFO GÕS BUU TUVEFSB HSBWJUBUJPOT�
GÅMUFUT BTZNQUPUJTLB VQQGÕSBOEF�

*EÊO IÅS ÅS BUU NBO IBS OÇHPU GFOPNFO EÅS TUBSLB PDI TOBCCU
GÕSÅOEFSMJHB HSBWJUBUJPOTGÅMU GÕSFLPNNFS J OÇHPO EFM BW SZNEFO
	UJMM FYFNQFM FO FYQMPEFSBOEF TVQFSOPWB
 FMMFS UWÇ LPMMJEFSBOEF
TWBSUB IÇM

 PDI NBO WJMM CFTLSJWB HSBWJUBUJPOTGÅMUFU QÇ TUPSB BW�
TUÇOE GSÇO IÅOEFMTFSOBT DFOUSVN� 7JMM NBO HF FO QSFDJT NFOJOH ÇU
CFHSFQQFU HSBWJUBUJPOTWÇHPS LSÅWT FO HPE LPOUSPMM ÕWFS EFU TFOB�
SF
 PDI EFU ÅS EFU TPN LBMMBT GÕS HSBWJUBUJPOTGÅMUFUT BTZNQUPUJTLB
VQQGÕSBOEF� +VTU TUVEJFU BW HSBWJUBUJPOTWÇHPS WBS PDLTÇ EFO WJL�
UJHBTUF NPUJWFSJOHFO GÕS /FXNBOT PDI 1FOSPTFT BSCFUF� .FO EF�
SBT GPSNBMJTN MFEFS 	NFE OÕEWÅOEJHIFU
 UJMM NZDLFU MÇOHB GPSNMFS

PDI EFO VUWFDLMBEFT WJE FO UJE EÇ EFU FOEB TÅUUFU BUU IBOETLBT NFE
GPSNMFS 	IVS LPNQMJDFSBEF EF ÅO WBS
 WBS BUU SÅLOB GÕS IBOE� 0SJ�
HJOBMBSUJLFMO JOOFIÇMMFS NZDLFU SJLUJHU FUU CFSÕNU UFDLFOGFM
 TPN
MFEEF /FXNBO UJMM FUU GÕSNFOU CFWJT BUU TWBSUB IÇM JOUF LBO SPUFSB�
%FUUB UFDLFOGFM LPSSJHFSBEFT LPSU FѫFSÇU BW 3PZ ,FSS
 TPN PDLTÇ
QSFTFOUFSBEF FO SFNBSLBCFMU FOLFM BMMNÅO FYBLU MÕTOJOH GÕS SPUF�
SBOEF TWBSUB IÇM�

1FOSPTF GPSUTBUUF TJOB TUVEJFS BW HSBWJUBUJPOTGÅMUFUT BTZNQUP�
UJTLB VQQGÕSBOEF
 PDI LPNCJOFSBEF EFU NFE TJOB JEÊFS PN LPO�
GPSNB USBOTGPSNBUJPOFS� %FU êOOT FUU WÅMLÅOU uUSJDLu J LPNQMFY
BOBMZT
 FOMJHU WJMLFU NBO LBO TLBĒB TJH FO ÕWFSCMJDL ÕWFS IFMB EFU
UWÇ EJNFOTJPOFMMB LPNQMFYB UBMQMBOFU HFOPN BUU BWCJMEB EFU QÇ FO

�
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TGÅS TPN EÇ LBMMBT 3JFNBOOTGÅSFO� %FU êOOT EÇ FO FYUSB QVOLU QÇ
TGÅSFO TPN JOUF IBS OÇHPO NPUTWBSJHIFU J EFU LPNQMFYB UBMQMBOFU
TKÅMWU
 PDI EFO GÇS SFQSFTFOUFSB uPÅOEMJHIFUFOu� 'ÕS BUU GÕSTUÇ EFUUB
USJDL UBS WJ FO GÕSOZBE UJUU QÇ EFO LPOGPSNB TUFSFPHSBêTLB QSPKFL�
UJPOFO
 PDI GÕMKFS 1FOSPTF HFOPN BUU TF LPOTUSVLUJPOFO GSÇO BOESB
IÇMMFU� 4F 'JHVS �
 EÅS WJ GÕS FOLFMIFUT TLVMM WJTBS QSPKFLUJPOFONFM�
MBO FO DJSLFM PDI FO PÅOEMJH MJOKF�

'JHVS �� /V BOWÅOEFS WJ EFO TUFSFPHSBêTLB QSPKFLUJPOFO CBLMÅOHFT� 7J ÅS
JOUSFTTFSBEF BW WBE TPN IÅOEFS PÅOEMJHU MÇOHU CPSUB QÇ MJOKFO� 7J BWCJMEBS
MJOKFO QÇ DJSLFMO PDI TUVEFSBS JTUÅMMFU WBE TPN TPN IÅOEFS OÅSB FO IFMU
WBOMJH QVOLU 	i0
 QÇ DJSLFMO� 7J LPNNFS UJMM TBNNB QVOLU i0 PN WJ HÇS
PÅOEMJHU MÇOHU ÇU WÅOTUFS QÇ MJOKFO�

"OUBH BUU WJ ÅS JOUSFTTFSBEF BW GVOLUJPOFS f = f(x) EFêOJ�
FSBEF QÇ MJOKFO
 PDI TQFDJFMMU BW EFSBT BTZNQUPUJTLB VQQGÕSBOEF

EFU WJMM TÅHB IVS EF CÅS TJH ÇU EÇ x CMJS NZDLFU TUPSU� 0N WJ ÕWFSGÕS
QSPCMFNFU UJMM DJSLFMO TÇ TFS WJ BUU WBE WJ ÅS JOUSFTTFSBEF BW ÅS IVS
GVOLUJPOFO CÅS TJH ÇU J OÅSIFUFO BW FO IFMU WBOMJH QVOLU QÇ DJSLFMO�
0N GVOLUJPOFSOB ÅS UJMMSÅDLMJHU uTOÅMMBu ÅS EFUUB FUU IFMU ÕWFSMÅHTFU
TÅUU BUU TUVEFSB EFSBT BTZNQUPUJTLB VQQGÕSBOEF� 	0N FO GVOLUJPO
ÅS uTOÅMMu FMMFS JOUF IBS JOHFOUJOH NFE NPSBM BUU HÕSB� %FU IBS BUU
HÕSB NFE PN GVOLUJPOFO PDI EFTT EFSJWBUPS ÅS LPOUJOVFSMJHB�


0N NBO
 TPN 1FOSPTF
 GÕSTÕLFS TJH QÇ TBNNB USJDL J .JO�
LPXTLJSVNNFU TUÕUFS NBO TOBCCU QÇ EFU GÕSIÇMMBOEFU BUU NBO LBO
uHÇ NPU PÅOEMJHIFUFOu MÅOHT USF PMJLB TMBHT SJLUOJOHBS� MÅOHT FO
UJETBSUBE WFLUPS
 MÅOHT FO SVNTBSUBE WFLUPS
 PDI MÅOHT FO MKVTBSUBE
WFLUPS� 0ÅOEMJHIFUFO CMJS EÇ OÇHPU NFS ÅO CBSB FO FOEB QVOLU�
1FOSPTF WJTBEF BUU EFU êOOT USF TMBHT PÅOEMJHIFUFS� %FU êOOT FO
SVNTMJH PÅOEMJHIFU TPN ÅS FO QVOLU
 KVTU TPN TZEQPMFO QÇ 3JF�
NBOOTGÅSFO� %FU êOOT PDLTÇ FO UJETPÅOEMJHIFU TPN CFTUÇS BW FO
QVOLU J EFU GÕSëVUOB PDI FO J GSBNUJEFO� .FMMBO EFN êOOT EFO
MKVTBSUBEF PÅOEMJHIFUFO TPN ÅS WBS NBO IBNOBS PN NBO � J MJL�
IFUNFE MKVTTUSÇMBS PDI HSBWJUBUJPOTWÇHPS�HÇS PÅOEMJHU MÇOHU MÅOHT

�
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OÇHPO MKVTLPO� 7J HÕS OV FO LBSUB ÕWFS SVNUJEFO TPN JOLMVEFSBS
PÅOEMJHIFUFSOB 	UJMM QSJTFU BW BUU LBSUBO LSBѫJHU GÕSSZDLFS BMMB BW�
TUÇOE

 PDI PSEOBS EFO TÇ BUU MKVTBSUBEF SJLUOJOHBS BMMUJE MVUBS J ��
HSBEFST WJOLFM� 3FTVMUBUFU TFS WJ J 'JHVS �� %FU LBMMBT GÕS FUU 1FOSP�
TFEJBHSBN
 J EFU IÅS GBMMFU GÕS .JOLPXTLJSVNNFU� %FU HFS FO LBSUB
EÅS NBO TFS IFMB SVNUJEFO
 JOUF CBSB FO MJUFO ÅOEMJH EFM�

'JHVS �� &UU 1FOSPTFEJBHSBN GÕS EFU UWÇ EJNFOTJPOFMMB .JOLPXTLJSVN�
NFU
 KÅNGÕS 'JHVS �� (ÇS WJ GSÇO PSJHP PÅOEMJHU MÇOHU MÅOHT FO SVNTBSUBE
SJLUOJOH IBNOBS WJ J FO PÅOEMJHIFUTQVOLU TPN LBMMBT i0� (ÇS WJ PÅOEMJHU
MÇOHU J FO UJETBSUBE SJLUOJOH IBNOBS WJ J GSBNUJEB PÅOEMJHIFU i+� %JBHSBN�
NFU ÅS SJUBU TÇ BUU MKVTBSUBEF SJLUOJOHBS BMMUJE MVUBS J �� HSBEFST WJOLFM� 'ÕM�
KFS WJ FO MKVTTJHOBM UJMM PÅOEMJHIFUFO IBNOBS WJ J FO USFEKF TPSUT PÅOEMJHIFU

TPN CJMEBS EJBHSBNNFUT SBOE 	IÅS NBSLFSBE NFE u∞u
�

%FTTB JEÊFS WBS GVMMTUÅOEJHU PSJHJOFMMB
 ÅWFO PN1FOSPTF TFOB�
SF VQQUÅDLUF BUU EFU GBOOT FO TWFOTL GÕSFHÇOHBSF
 OÅNMJHFO )BO�
OFT 3VECFSH 	TPN TFEFSNFSB CMFW CSVLTEJTQPOFOU J )ÅMMFTGPST�
OÅT
� %F HBW FUU GÇHFMQFSTQFLUJW QÇ EF SVNUJEFS TPN LBO GÕSFLPN�
NB J &JOTUFJOT UFPSJ
 PDI OVGÕSUJEFO ÅS EFU OÅTUBO PWBOMJHU BUU TF
FO GPSTLOJOHTBSUJLFM JOPN PNSÇEFU TPN JOUF JOOFIÇMMFS FUU 1FOSP�
TFEJBHSBN� %ÅSFNPU ÅS EFU GPSUGBSBOEF JOUF BWHKPSU PN FO UZQJTL
MÕTOJOH BW &JOTUFJOT FLWBUJPOFS WFSLMJHFO UJMMÇUFS FO LPOGPSN LPN�
QBLUJêFSJOH NFE BMMB EF FHFOTLBQFS TPN 1FOSPTF BOUPH� %FUUB IBS
BUU HÕSB NFE PN EF GVOLUJPOFS TPN GÕSFLPNNFS J MÕTOJOHFO ÅS
UJMMSÅDLMJHU uTOÅMMBu� %FU ÅS J TKÅMWB WFSLFU JOUF GÕSSÅO SFMBUJWU OZMJ�
HFO TPN UFLOJLFO GÕS BUU TUVEFSB MÕTOJOHBS BW &JOTUFJOT FLWBUJPOFS
OÇUU FO TÇEBO HSBE BW GVMMÅOEOJOH BUU OÇHPU NFOJOHTGVMMU LBO TÅ�
HBT PN EFUUB� %FU GÕSFGBMMFS OV USPMJHU � BUU EÕNB BW EF BSCFUFO

��
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TPN IBS HKPSUT BW %FNFUSJPT $ISJTUPEPVMPV
 )FMNVUI 'SJFESJDI

PDI NÇOHB BOESB NBUFNBUJLFS � BUU EFO TMVUHJMUJHB CJMEFO LPN�
NFS BUU WBSB OÇHPU NFS LPNQMJDFSBE ÅO EFO TPN 1FOSPTF BOUPH�
.FO
 TPN )FMNVUI 'SJFESJDI IBS TBHU
 TÇ

uÅOESBEF EF CJMEFS PDINFUPEFS TPN1FOSPTF JOGÕSEF WÇS
TZO QÇ SVNUJEFO QÇ FUU GVOEBNFOUBMU TÅUU
 PDI EF GPSU�
TÅUUFS PDI LPNNFS BUU GPSUTÅUUB BUU WBSB WJLUJHB GÕS WÇS
GÕSTUÇFMTF BW SVNUJEFOT HMPCBMB TUSVLUVSu�

�� �xª�p�� ÚÆ¯¼ªp
1FOSPTFT HSFQQ PN SVNUJEFOT HMPCBMB TUSVLUVS MFEEF IPOPN UJMM
IBOT MJWT LBOTLF CÅTUB JEÊ� )BO êDL EFO J -POEPO FO EBH ÇS ����
EÇ IBOT MJWMJHB TBNTQSÇL NFE SFMBUJWJTUFO *WPS 3PCJOTPO BWCSÕUT J
TBNCBOE NFE BUU EF LPSTBEF FO HBUB� &OMJHU 1FOSPTFT FHFO TLJME�
SJOH HMÕNEF IBO PNFEFMCBSU CPSU TJO JEÊ EÇ EF IBEF LPNNJU ÕWFS
HBUBO PDI LVOEF GPSUTÅUUB TBNUBMFU� 4FOBSF VOEFS EBHFO VQQUÅDLUF
IBO BUU IBO LÅOEF TJH FHFOEPNMJHU VQQSZNE
 BW OÇHPO BOMFEOJOH
TPNIBO GÕSTU JOUF LVOEF GÕSTUÇ� &ѫFS FO TUVOET JOUSPTQFLUJPO LPN
IBO JIÇH JEÊO PN GÇOHBEF ZUPS PDI EFSBT LPOTFLWFOTFS� &O GÇOHBE
ZUB ÅS FO WBOMJH TMVUFO ZUB J SVNNFU
 TPN ZUBO BW FO JOUF OÕEWÅO�
EJHWJT SVOE TGÅS� "OUBH BUU ZUBO QMÕUTMJHU uCMJYUSBS UJMMu
 PDI TÅOEFS
VU MKVT CÇEF VUÇU PDI JOÇU� .BO GÇS EÇ UWÇ WÇHGSPOUFS
 FO TPN SÕS
TJH VU GSÇO ZUBO PDI FO TPN SÕS TJH JOÇU� .BO GÕSWÅOUBS TJH BUU EFO
GÕSSBT BSFB WÅYFSNFE UJEFO
 PDI BUU EFO TFOBSFT LSZNQFS�.FO J FO
LSÕLU SVNUJE LBO EFU IÅOEB BUU CÇEB LSZNQFS
 PDI EÇ TÅHFT ZUBO
WBSB GÇOHBE� 7BE 1FOSPTF JOTÇH OÅS IBO LPSTBEF HBUBO WBS BUU IBO
NFE IKÅMQ BW UFLOJLFS TPN IBO IBEF VUWFDLMBU GÕS BUU GÕSTUÇ HSBWJ�
UBUJPOTGÅMUFUT BTZNQUPUJTLB VQQGÕSBOEF TLVMMF LVOOB CFWJTB BUU PN
FO SVNUJE JOOFIÇMMFS FO GÇOHBE ZUB TÇ NÇTUF EFU NFE OÕEWÅOEJH�
IFU VQQTUÇ FO TJOHVMBSJUFU J SVNUJEFO J ZUBOT GSBNUJE�

%FU WBS FO TFOTBUJPOFMM JOTJLU� 7JE EFO IÅS UJEQVOLUFO IBEF
SFMBUJWJTUFS CÕSKBU TUVEFSB HSBWJUBUJPOFMMU LPMMBQTBOEF TUKÅSOPS QÇ
BMMWBS� 7BE NBO IBEF BUU VUHÇ GSÇO WBS FO FYBLU MÕTOJOH BW &JOTUF�
JOT FLWBUJPOFS TPN CFTLSFW IVS FUU TGÅSJTLU TZNNFUSJTLU NPMO BW
EBNN 	VQQCZHHU BW QBSUJLMBS TPN QÇWFSLBS WBSBOESB FOEBTU WJB
HSBWJUBUJPOTLSBѫFO
 LPMMBQTBS UJMM FO TJOHVMÅS uQVOLUu EÅS UÅUIF�
UFO CMJS PÅOEMJH PDI SVNUJEFOT LSÕLOJOH PDLTÇ CMJS PÅOEMJH� .FO
WBE IÅOEFS PN FO TUKÅSOB GSÇO CÕSKBO BWWJLFS OÇHPU GSÇO FO TGÅSJTL
GPSN ,PNNFS BWWJLFMTFSOB EÇ BUU WÅYB
 PDI TJOHVMBSJUFUFO QÇ OÇ�
HPU TÅUU BUU VOEWJLBT
 WJMLFU LBOTLF IÅOEFS ÅOEÇ PN TUKÅSONBUFSJ�

��
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BO VUWFDLMBS FUU USZDL TPN LBO NPUWFSLB LPMMBQTFO 1Ç PMJLB IÇMM
J WÅSMEFO SÅLOBEF NBO TÇ HPUU NBO LVOEF QÇ QSPCMFNFU
 NFE EJ�
WFSTF LPNQMJDFSBEF BQQSPYJNBUJPOTNFUPEFS� &O SZTL HSVQQ IBEF
LPNNJU MÅOHTU
 PDI NFOBEF BUU TJOHVMBSJUFUFO OPH LVOEF VOEWJ�
LBT
 NFO TBLFO WBS MÇOHU GSÇO LMBS� %FU UFPSFN TPN 1FOSPTF CFWJ�
TBEF BWHKPSEF TBLFO J FUU TMBH� %FU êOOT GÇOHBEF ZUPS J EFO FYBLUB
MÕTOJOHFO� %F GÇOHBEF ZUPSOB EFêOJFSBT BW PMJLIFUFS
 PDI EF LPN�
NFS BUU GPSUTÅUUB BUU WBSB GÇOHBEF ÅWFO PN CFHZOOFMTFEBUB BWWJLFS
FO TNVMB GSÇO EFO FYBLUB MÕTOJOHFO� %Ç UBS 1FOSPTFT UFPSFN ÕWFS
PDI WJTBS BUU TJOHVMBSJUFUFO ÅS PVOEWJLMJH�

1Ç TÇ TÅUU LPN 1FOSPTFT TJOHVMBSJUFUTUFPSFN BUU CJMEB FQPL GÕS
UFPSJO� 5JMMTBNNBOT NFE FO ZOHSF GPSTLBSF GSÇO $BNCSJEHF WJE
OBNO 4UFQIFO )BXLJOH VUBSCFUBEF 1FOSPTF GÕSêOBEF WFSTJPOFS
BW UFPSFNFU� )BXLJOH GBOO PDLTÇ FO IFMU OZ UJMMÅNQOJOH BW EFN�
%F GÕSêOBEF WFSTJPOFSOB LBO BOWÅOEBT uCBLMÅOHFT J UJEFOu GÕS BUU
BSHVNFOUFSB BUU VOJWFSTVN NÇTUF IB CÕSKBU GSÇO FO TJOHVMBSJUFU�
u#JH #BOHu WBS NFE OÕEWÅOEJHIFU FO TJOHVMBSJUFU� 4BNUJEJHU SFTFS
UFPSFNFO NÇOHB GSÇHPS� &O BW EFN ÅS WBE FO TJOHVMBSJUFU FHFOUMJ�
HFO ÅS GÕS OÇHPU %FU WFSLBS USPMJHU BUU SVNUJEFOT LSÕLOJOH HÇSNPU
PÅOEMJHIFUFO OÅS NBO OÅSNBS TJH TJOHVMBSJUFUFO
 NFO EFU ÅS JOUF
SJLUJHU EFU TPN UFPSFNFO TÅHFS� %F TÅHFS BUU TJOHVMBSJUFUFO ÅS FUU
TMBHT SBOE UJMM SVNUJEFO
 CFMÅHFO QÇ ÅOEMJHU UJETBWTUÇOE GSÇO MÅNQ�
MJHB PCTFSWBUÕSFS� 3VNUJEFO UBS IFMU FOLFMU TMVU EÅS � ÇUNJOTUPOF
FOMJHU &JOTUFJOT SFMBUJWJUFUTUFPSJ
 TPN ÅS EFO CÅTUB UFPSJ WJ IBS� %FU
ÅS BMMUTÇ WJLUJHU BUU GÕSTUÇ BUU TJOHVMBSJUFUFO JOUF ÅS FO QVOLU JOV�
UJ SVNUJEFO � EFO CJMEBS FO HSÅOT VUÕWFS WJMLFO GSBNUJEFO JOUF
FYJTUFSBS�

�� ÀÓp¼Æp �x£�ª
&O BOOBO GSÇHB ÅS PN EFU VUF J VOJWFSTVN IBS CJMEBUT TJOHVMBSJUF�
UFS TPN LBO PCTFSWFSBT GSÇO KPSEFO
 PDI J TÇ GBMM WBE NBO EÇ TLVMMF
TF -ÇU PTT UJUUB QÇ EFO FYBLUB MÕTOJOHFO TPN CFTLSJWFS FO TGÅSJTLU
TZNNFUSJTL HSBWJUBUJPOTLPMMBQT� 4F 'JHVS �
 TPN ÅS FO JNQSFTTJP�
OJTUJTL CJME BW FO LSÕLU SVNUJE J WJMLFO LSÕLOJOHFONBOJGFTUFSBT BW
BUU MKVTLPOFSOB MVUBS JOÇU�.ZDLFU SJLUJHU BWTMVUBT SVNUJEFONFE FO
TJOHVMBSJUFU
 NFO SVOU EFU PNSÇEF BW SVNUJEFO EÅS EFO EZLFS VQQ
IBS EFU CJMEBUT FUU TWBSU IÇM� )ÅS EFêOJFSBS WJ FUU TWBSU IÇM TPN FO
EFM BW SVNUJEFO GSÇO WJMLFO JOHB TJHOBMFS LBO TÅOEBT VU UJMM PÅOE�
MJHIFUFO� %FU TWBSUB IÇMFUT ZUUSF HSÅOT LBMMBT GÕS EFTT IÅOEFMTFIPSJ�
TPOU
 PDI CJMEFO WJTBS IVS MKVTLPOFSOB WJE IÅOEFMTIPSJTPOUFO MVUBS

��
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'JHVS �� 3VNUJETCJME BW FO TZNNFUSJTL HSBWJUBUJPOTLPMMBQT� 5JEFO HÇS NFS
FMMFS NJOESF VQQÇU J CJMEFO
 NFO EFOOB SVNUJE ÅS LSÕLU QÇ FUU TÅUU TPN GÇS
MKVTLPOFSOB BUU MVUB JOÇU� 5JETBSUBEF SJLUOJOHBS
 MÅOHT WJMLB FO BTUSPOBVU
LBO GÅSEBT
 MJHHFS JOVUJ MKVTLPOFSOB� %FUUB HÕS BUU TJOHVMBSJUFUFO MJHHFS J
GSBNUJEFO� 7JE r = 2m HÇS uVUÇUSJLUBEFu MKVTTJHOBMFS SÅUU VQQ J CJMEFO�
&O IÅOEFMTFIPSJTPOU IBS BMMUTÇ CJMEBUT� &O BTUSPOBVU TPN QBTTFSBS EFOOB
IPSJTPOU LBO JOUF LPNNB VU JHFO
 PDI IFOOFT GSBNUJE VQQIÕS WJE TJOHV�
MBSJUFUFO� %F GÇOHBEF ZUPSOB 	uUSBQQFE TVSGBDFTu QÇ FOHFMTLB
 LPNNFS BUU
WBSB LWBS ÅWFO PN NBO TMÅQQFS MJUF QÇ TZNNFUSJO
 PDI TJOHVMBSJUFUFO ÅS
EÅSNFE PVOEWJLMJH� 'SÇO 3� 1FOSPTF� 0O HSBWJUBUJPOBM DPMMBQTF
 $POUFN�
QPSBSZ 1IZTJDT 7PM� �
 5SJFTUF 4ZNQPTJVN �����

TÇ NZDLFU BUU TJHOBMFS JOUF LBO QBTTFSB EFO J VUÇUHÇFOEF SJLUOJOH�
#JMEFO CMJSNZDLFU LMBSBSF PN WJ SJUBS FUU 1FOSPTFEJBHSBN BW EFOOB
SVNUJE
 TF 'JHVS ��

7J TFS BUU TJOHVMBSJUFUFO MJHHFS HÕNE JOVUJ EFU TWBSUB IÇMFU�
"TUSPOPNFO
 TPN CFêOOFS TJH MÇOHU CPSUB
 LBO JOUF TF EFO� %FO
LBO GBLUJTLU JOUF TFT GSÇO EFU TWBSUB IÇMFUT JOTJEB IFMMFS� &O BTUSP�
OBVU TPN IBS IBNOBU J EFU TWBSUB IÇMFU LPNNFS J FO TOBS GSBNUJE
	NÅUU NFE IFOOFT FHFO LMPDLB
 BUU USÅĒB TJOHVMBSJUFUFO
 NFO JOHB
TJHOBMFS GSÇO EFOTBNNB OÇS IFOOF GÕSF GSBNLPNTUFO� 5FPSJO TÅ�
HFS JOHFOUJOH PN WBE TPN IÅOEFS OÅS IPO LPNNFS GSBN
 PDI GÕS
ÕWSJHU IBS IPO OPH TMJUJUT TÕOEFS BW TUBSLB UJEWBUUFOLSBѫFS SFEBO
JOOBO EFTT�

��
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'JHVS �� &UU BOOBU TÅUU BUU TF QÇ TGÅSJTLU TZNNFUSJTL HSBWJUBUJPOTLPMMBQT�
*TUÅMMFU GÕS EFO MÅUU JNQSFTTJPOJTUJTLB 'JHVS � SJUBS WJ FUU LPOGPSNU 1FOSPTF�
EJBHSBN
 EÅS BWTUÇOEFO ÅS GÕSSZDLUB NFO MKVTTJHOBMFS BMMUJE VUWÅYMBT MÅOHT
MJOKFS TPN MVUBS �� HSBEFS� 4QFDJFMMU MVUBS IÅOEFMTFIPSJTPOUFO J �� HSBEFST
WJOLFM� 7J TFS OV UZEMJHU BUU TJOHVMBSJUFUFO JOUF MJHHFS J DFOUSVN BW TUKÅSOBO

EFO MJHHFS J 	FMMFS BWTMVUBS
 EFTT GSBNUJE� %FU TWBSUB IÇMFU CFTUÇS BW EFO EFM
BW SVNUJEFO GSÇO WJMLFO JOHB TJHOBMFS LBO OÇ PÅOEMJHIFUFO� 0CTFSWBUÕSFO
CFêOOFS TJH VUBOGÕS EFU TWBSUB IÇMFU PDI SÕS TJH MÅOHT FO WÅSMETMJOKF TPN
HÇS GSÇO GÕSëVUFO PÅOEMJHIFU UJMM GSBNUJEB PÅOEMJHIFU� 4JHOBMFS TPN TLJDLBT
GSÇO QVOLUFS JOOF J EFU TWBSUB IÇMFU LPNNFS BUU USÅĒB TJOHVMBSJUFUFO
 PDI
OÇS BMESJH PCTFSWBUÕSFO�

.FO OV IBS WJ GÕSMJUBU PTT QÇ FO FYBLU MÕTOJOH BW GÅMUFLWBUJP�
OFSOB� 'SÇHBO ÅS PN EFUUB BMMUJE IÅOEFS
 TÇ BUU JOHFO BW EF NÇOHB
TJOHVMBSJUFUFS TPN VQQTUÇS J VOJWFSTVN OÇHPOTJO LBO PCTFSWFSBT 
1FOSPTF ESPH 	FO TNVMBNPUWJMMJHU
 GÕSFGBMMFS EFU
 TMVUTBUTFO BUU TWB�
SFU QÇ EFO GSÇHBO GÕSNPEMJHFO ÅS uKBu� %FUUB LBMMBT GÕS IZQPUFTFO
PN LPTNJTL DFOTVS� &UU CFWJT GÕS EFO IZQPUFTFO IBS WBSJU OÇHPU BW
FO IFMJH HSBBM GÕS BMMB SFMBUJWJTUFS TFEBO EFTT
 NFO IJUUJMMT IBS BMMB
CFWJT WBSJU CFHSÅOTBEF UJMM FOLMB TQFDJBMGBMM� (JWFU BUU 1FOSPTF IBS
WJTBU BUU VQQLPNTUFO BW TJOHVMBSJUFUFS ÅS FO SPCVTU LPOTFLWFOT BW
&JOTUFJOT UFPSJ
 TÇ TLVMMF FUU CFWJT GÕS LPTNJTL DFOTVS CFUZEB BUU
TWBSUB IÇM PDLTÇ ÅS FO TÇEBO SPCVTU LPOTFLWFOT�

0N NBO BOUBS BUU LPTNJTL DFOTVS HÅMMFS LBO NBO BOWÅOEB
&JOTUFJOT UFPSJ GÕS BUU IÅSMFEBNÇOHB JOUSFTTBOUB SFTVMUBU PN TWBSUB
IÇM� &UU BW EFN TÅHFS BUU BMMB GÇOHBEF ZUPS CFêOOFS TJH IFMU PDI IÇM�
MFU CBLPNOÇHPO IÅOEFMTFIPSJTPOU� %F LBO BMMUTÇ BMESJH PCTFSWFSBT
GSÇO VUTJEBO BW EF TWBSUB IÇMFO
 NFO EF PCTFSWFSBT QÇ TÅUU PDI WJT

��
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BW EBHFOT SFMBUJWJTUFS� 6OEFS EF TFOBTUF UWÇ EFDFOOJFSOB IBS NBO
OÅNMJHFO ÅOUMJHFO MÅSU TJH IVS NBO QÇ 	TUPSB
 EBUPSFS OVNFSJTLU
LBO TJNVMFSB IVS &JOTUFJOT FLWBUJPOFS MFEFS UJMM HSBWJUBUJPOTLPM�
MBQT� %FUUB ÅS BW TUPS CFUZEFMTF OÅS NBO WJMM GÕSVUTÅHB WBE TPN LBO
PCTFSWFSBT J GPSN BW HSBWJUBUJPOTWÇHPS PDI BOOBU� %FU ÅS FNFMMFS�
UJE TWÇSU BUU BWHÕSB GSÇO EF OVNFSJTLB CFSÅLOJOHBSOB PN FUU TWBSU
IÇM WFSLMJHFO IBS CJMEBUT� .FS QSFDJTU ÅS EFU TWÇSU BUU BWHÕSB WBS
IÅOEFMTFIPSJTPOUFO MJHHFS
 FѫFSTPN EFUUB LSÅWFS BUU NBO GÇS GSBN
MÕTOJOHFO GÕS BMMB UJEFS� *TUÅMMFU IBS NBO VUWFDLMBU FĒFLUJWB NFUP�
EFS GÕS BUU EFUFLUFSB GÇOHBEF ZUPS J EF OVNFSJTLB MÕTOJOHBSOB
 PDI
HJWFU BUU NBO USPS QÇ LPTNJTL DFOTVS LBO NBO EÇ ESB TMVUTBUTFO BUU
EFU êOOT FO IÅOEFMTFIPSJTPOU PDI BMMUTÇ FUU TWBSU IÇM TPN PNHFS
EF GÇOHBEF ZUPSOB�

&UU BOOBU TMÇFOEF SFTVMUBU TPN GÕMKFS BW LPTNJTL DFOTVS ÅS BUU
TWBSUB IÇM BMESJH LSZNQFS� .FS QSFDJTU TÇ WJTBEF 1FOSPTF UJMMTBN�
NBOT NFE FO BW TJOB TUVEFOUFS BUU IÅOEFMTFIPSJTPOUFOT ZUB BMESJH
LBO NJOTLB NFE UJEFO� 4BNNB SFTVMUBU WJTBEFT PDLTÇ BW )BXLJOH

PDI EFU IBS CMJWJU FO IÕSOTUFO J UFPSJO� )BXLJOH HJDL WJEBSF PDI
GBOO BUU EFU êOOT LWBOUNFLBOJTLB FĒFLUFS TPN HÕS BUU TWBSUB IÇM
VUTÅOEFS TUSÇMOJOH
 TÇ BUU EF GBLUJTLU LSZNQFS NFE UJEFO� .FO EFU�
UB MJHHFS VUBOGÕS SBNFO GÕS &JOTUFJOT LMBTTJTLB UFPSJ
 PDI IBS JOHB
PNFEFMCBSB LPOTFLWFOTFS GÕS BTUSPGZTJLFO� %FU TLVMMF UB PNLSJOH
1070 TFLVOEFS GÕS FUU TWBSU IÇM TPN WÅHFS FO TPMNBTTB BUU GÕSTWJO�
OB QÇ EFUUB TÅUU
 PDI EFU IBS IJUUJMMT JOUF HÇUU NFS ÅO 1017 TFLVOEFS
TFEBO #JH #BOH�

.FEBO UFPSFUJLFS TPN 1FOSPTF
 )BXLJOH
 PDI NÇOHB BOE�
SB VUWFDLMBEF UFPSJO GÕS TWBSUB IÇM LPN BTUSPOPNFSOB UJMM JOTJLU
PN BUU EFTTB OÅTUBO TÅLFSU GÕSFLPNNFS J TUPSU BOUBM VUF J VOJWFS�
TVN
 BUU EF EÅS IBS ëFSB PCTFSWFSCBSB LÅOOFUFDLFO
 PDI BUU EF ÅS
OÕEWÅOEJHB GÕS BUU GÕSLMBSB NÇOHB BW EF ESBNBUJTLB PCTFSWBUJPOFS
TPN IBS HKPSUT GSÇO KPSEFO� )ÅS HBW 1FOSPTF FUU WJLUJHU CJESBH OÅS
IBO QÇQFLBEF BUU FOFSHJ LBO VUWJOOBT GSÇO SPUFSBOEF TWBSUB IÇM�
.BO LBO BOB TJH UJMM IVS EFUUB HÇS UJMM PN NBO CFUSBLUBS FO GPSNFM
GÕS ,FSST SPUFSBOEF TWBSUB IÇM TPN GÕSTU TLSFWT OFS BW SFMBUJWJTUFO
-BSSZ 4NBSS
 OÅNMJHFO�

GM =
c2

2

√
A

4π
+

16πJ2

A
,

EÅS G ÅS /FXUPOT HSBWJUBUJPOTLPOTUBOU
 M ÅS EFU TWBSUB IÇMFUT
NBTTB
 A ZUBO QÇ EFTT IÅOEFMTFIPSJTPOU
 PDI J EFTT JNQVMTNP�
NFOU 	FUU NÇUU QÇ IVS NZDLFU EFU SPUFSBS
� 7J VUHÇS JGSÇO BUU ZUBO

��
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A CBSB LBO WÅYB� *DLF EFTUP NJOESF BOUZEFS GPSNFMO BUU EFU TWBSUB
IÇMFUT UPUBMB FOFSHJ E =Mc2 TLVMMF LVOOB NJOTLB PN EFU GBOOT
OÇHPU TÅUU BUU NJOTLB EFTT JNQVMTNPNFOU� 1FOSPTF GBOO
 UJMM BMM�
NÅO ÕWFSSBTLOJOH
 BUU FO TÇEBO QSPDFTT ÅS NÕKMJH� "TUSPGZTJLFS�
OB 3PHFS #MBOEGPSE PDI 3PNBO ;OBKFL WJTBEF TOBSU BUU SFBMJTUJTLB
WFSTJPOFS BW 1FOSPTFT NFLBOJTN ÅS UÅOLCBSB� .FS ÅO TÇ
 FUU SPUF�
SBOEF TWBSU IÇM LBO BWHF PFSIÕSEBNÅOHEFS FOFSHJ QÇ EFUUB TÅUU� &O
WÅUFCPNC GÕSWBOEMBS FO EFM BW TJO NBTTB UJMM VUTUSÇMBE FOFSHJ
 NFO
CBSB FO MJUFO EFM
 TÇ BUU FO WÅUFCPNC ÅS FUU NZDLFU IBSNMÕTU PCKFLU J
KÅNGÕSFMTF NFE FUU SPUFSBOEF TWBSU IÇM� %FU BOTFT OVNFSB BMMNÅOU
BUU EF FOFSHJSJLB KFUTUSÇMBS TPN LPNNFS GSÇO BLUJWB HBMBYLÅSOPS
GÇS TJO FOFSHJ WJB FO 1FOSPTF�QSPDFTT�

�¼p©Æ��ÀÊÆÀ� Æ�¼
.FO MÇU PTT MÅNOB BTUSPGZTJLFO PDI HÇ UJMMCBLB UJMM VUHÇOHTQVOL�
UFO GSÇO ����� %FO UWÇ�LPNQPOFOUJHB TQJOPS WJ TLSFW OFS QÇNJO�
OFS PN IVS NBO LWBOUNFLBOJTLU CFTLSJWFS FO FMFLUSPO NFE TQJOO
1/2� .BUFNBUJLFO CBLPN LWBOUNFLBOJLFO UZDLT OVEEB NBUFNBUJ�
LFO GÕS GZSEJNFOTJPOFMMB SVNUJEFS� %FOOB PCTFSWBUJPO WBS FO BW
VUHÇOHTQVOLUFSOB GÕS 1FOSPTFT UXJTUPSUFPSJ� "NCJUJPOFO WBS
 PDI
ÅS
 BUU TLSJWB PN EFO LMBTTJTLB SFMBUJWJUFUTUFPSJO QÇ FUU TÅUU TPN
TLBMM HÕSB EFO LPSSFLUB LWBOUHSBWJUBUJPOTUFPSJO TZOMJH� )JUUJMMT IBS
WBSLFO EFUUB FMMFS OÇHPU BOOBU TÅUU BUU GÕSFOB SFMBUJWJUFUTUFPSJ PDI
LWBOUNFLBOJL MZDLBUT� %F TQFLVMBUJPOFS PN FMFNFOUBSQBSUJLFMGZ�
TJLFO TPN 1FOSPTF MFEEFT UJMM BW TJO UXJTUPSUFPSJ IBS IFMMFS JOUF TMB�
HJU JO
 TPN NBO LBO TF J EFO TDJFODF�êDUJPO�SPNBO TPN 1FOSPTF
CJESPH UJMM� %FO IFUFS 8IJUF .BST
 TLSFWT J TBNBSCFUF NFE #SJBO
"MEJTT
 PDI ÅS JOUF OÇHPO BW IFSSBSOBT CÅTUB WFSL� %FU NÇTUF EPDL
UJMMÅHHBT BUU UXJTUPSUFPSJO IBS TQFMBU FO WJLUJH SPMM J SFO NBUFNB�
UJL
 PDI PDLTÇ BUU EFTT CFSÅLOJOHTNFUPEFS QÇ TFOBSF ÇS IBS WJTBU
TJH NZDLFU BOWÅOECBSB JOPN LWBOUGÅMUUFPSJO� 4Ç EFU LBO UÅOLBT BUU
CJMEFO ÅOESBT TÇ TNÇOJOHPN�

"OHÇFOEF LWBOUNFLBOJLFO TPN TÇEBO EFMBS 1FOSPTF &JOTUF�
JOT ÇTJLU BUU EFO JOUF LBO WBSB GVMMTUÅOEJH� &OMJHU 1FOSPTF CFIÕWFS WJ
FO CÅUUSF UFPSJ CMBOE BOOBU GÕS BUU GÕSTUÇ EFU NÅOTLMJHB NFEWFUBO�
EFU� 5SPUT TJUU WÅM EPLVNFOUFSBEF JOUSFTTF GÕS CFSÅLOJOHBS NFOBS
IBO BUU EFU TPN LSÅWT ÅS FO UFPSJ TPN JOUF LBO GÇOHBT BW EBUPSBM�
HPSJUNFS� 0DLTÇ IÅS HÅMMFS EFU OPH BUU PTWVSFU ÅS CÅTU OÅS EFU HÅMMFS
BUU CFEÕNB 1FOSPTFT NFS TQFLVMBUJWB UFPSJFS�

%FU êOOT OÇHPU BUU UJMMÅHHB� +BH USPS BUU BMMB TPN IBS USÅĒBU
3PHFS 1FOSPTF ÅS ÕWFSFOT PN BUU IBO ÅS SFTQFLUGVMM PDI TZNQB�

��
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UJTL
 PDI BUU IBO J OÅTUBO WBSKF TBNUBM MZDLBT GÕSNFEMB OÇHPU BW TJO
FOUVTJBTN GÕS BUU GÕSTUÇ VOJWFSTVNT IFNMJHIFUFS� 'ÕS PTT TPN JOUF
TÇ PѫB ÇUOKVUFS GÕSNÇOFO BW TÇEBOB TBNUBM êOOT 1FOSPTFT NÇOHB
QPQVMÅSWFUFOTLBQMJHB CÕDLFS BUU UJMMHÇ �

❖

`��p¼� £tÀª�ª�
)PMTU
 4� 	����
� 3VNUJE � FO JOUSPEVLUJPO UJMM &JOTUFJOT

SFMBUJWJUFUTUFPSJ� 4UVEFOUMJUUFSBUVS�
&O SJLU JMMVTUSFSBE CPL TLSJWFO GÕS MÅTBSF VUBO GÕSLVOTLBQFS�

1FOSPTF
 3� 	����
� ѮF (FPNFUSZ PG UIF 6OJWFSTF� * -� "� 4UFFO
	3FE�

 .BUIFNBUJDT 5PEBZ� 5XFMWF *OGPSNBM &TTBZT�
4QSJOHFS�
&O NÅTUFSMJH TLJTT BW IVS NBO NBUFNBUJTLU CFTLSJWFS SVNUJEFOT
HFPNFUSJ�

1FOSPTF
 3� 	����
� ѮF -BSHF
 UIF 4NBMM BOE UIF )VNBO .JOE�
$BNCSJEHF 6OJWFSTJUZ 1SFTT�
1FOSPTFT LPSUBTUF QPQVMÅSWFUFOTLBQMJHB CPL� 'VMM BW TQFLVMBUJWB JEÊFS�

1FOSPTF
 3� 	����
� ѮF 3PBE UP 3FBMJUZ� " $PNQMFUF (VJEF UP UIF
-BXT PG UIF 6OJWFSTF� +POBUIBO $BQF�
1FOSPTFT MÅOHTUB QPQVMÅSWFUFOTLBQMJHB CPL� 5JUFMO ÅS HBOTLB SÅUUWJTBOEF�

��
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